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Abstract: In the present paper, we prove some fixed point theorems for self-mappings satisfying various 
expansive type conditions in the setting of a partial metric space. The presented theorems extend, generalize 
and improve many existing results in the literature. 


1 INTRODUCTION 
Fixed point theory is one of the most popular tool in nonlinear analysis. Most of the 
generalizations for metric fixed point theorems usually start from Banach contraction 
principle [4]. It is not easy to point out all the generalizations of this principle. In 1994, 
Matthews [13] introduced the concept of partial metric space in which the self distance of 
any point of space may not be zero. In 1996, O'Neill generalized the concept of partial metric 
space by admitting negative distances. In 1984, Wang et.al [16] introduced the concept of 
expanding mappings and proved some fixed point theorems in complete metric spaces. In 
1992, Daffer and Kaneko [5] defined an expanding condition for a pair of mappings and 
proved some common fixed point theorems for two mappings in complete metric spaces. 
Aage and Salunke [1] introduced several meaningful fixed point theorems for one expanding 
mapping. For more details on expanding mapping and related results we refer the reader to 
[5-8, 14, 16-18]. 
In this paper, we prove some fixed point theorems for surjective mappings satisfying 
various expansive type conditions in the setting of a partial metric space. The presented 
theorems extend, generalize and improve many existing results in the literature. 
2 PRELIMINARIES 
Throughout this paper R and R * will represents the set of real numbers and nonnegative 
real numbers, respectively. 
The following definitions are required in the sequel. 
Definition 2.1 (see [13]) Let X be a nonempty set, andp: X x X > R* be a function. We 
say pis a partial metric on X if and only if for all x,y,z E€ X the following conditions are 
satisfied: 
(1)x = y ifand only if p(x, x) = p(x, y) = py); 
(2) p(x, x) < py); 
(3)p@y) = pO x); 
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(4)p(y) < p(x,z) + p@ y) — p@,z) 
The pair (X, p) is called a partial metric space. 
Remark 2.3 It is clear that the partial metric space need not be a b-metric spaces, since in a 
partial metric space if p(x, y) = 0 implies p(x, x) = p(x, y) = p(y, y) = 0 then x = y. But in 
a partial metric space if x = y then p(x,x) = p(x,y) = p(y, y) may not be equal zero. 
Therefore the partial metric space may not be a b-metric space. 
Every partial metric p defines a metric d, , where 

dy (x,y) = 2pp (x,y) — p(x, x) — py), x,y E X. 

The following lemma will be useful in what follows; see [13]. 
Definition 2.4 A sequence {xn}n-1 ina partial metric space (X, p) is said to be: 

1. convergent to a point x € X, written as lim PUCK.) = p(x, x);. 


2. a Cauchy sequence if lim P(Xn, Xm) exists (and is finite); 
nm—+0o 


Definition 2.5 A partial metric space (X,p) is said to be complete if every Cauchy sequence 
in X converges to a point x € X such that 
p(x,x) = lim D(Xn,X) = lim P(Xn Xm) 
Lemma 2.6 A sequence {x,,}7-1 is a Cauchy sequence in a partial metric space (X, p) if and 
only if itis a Cauchy sequence in the metric space (X, dp). 
Lemma 2.7 A partial metric space (X, p) is complete if and only if the metric space (X, dp) is 
complete. Moreover, lim Ay (Xn Xm) = 0 if and only if 
p(x,x) = lim D(Xn,X) = lim P(Xn Xm) 
3.3 FIXED POINT THEOREMS 
In this section, we prove some fixed point theorems satisfying expansive condition by 
considering surjective self-mappings in the context of partial metric space. 
We begin with a simple but a useful Lemma. 
Lemma 3.1 Let {x,,}7_, be a sequence in a partial metric space (X, p) such that 
(3.1) Pb (Xn, Xn+1) < APp (Xn-1, Xn) 
where A E [0,1) andn = 1,2,.......... Then {x,,}7--, isa Cauchy sequence in X. 
Proof By the simple induction with the condition (3.1), we have 
(3.2) D(X Xn+1) £ Ap(Xn-1: Xn) < AD Ona) SS A" p(X, x1) 
On the other hand, since 


max{ p(Xn, Xn), POn+1 Xn+1)} S Pn Xn+1) 
then from (3.2), we have 


(3.3) max{ p(Xn, Xn), P(Xn+1: Xn+1)} S Ap (Xo, x1) 
Therefore 
(3.4) Ay (Xn Xn41) = 2) (Xn Xn41) = D Kata) = P(Xn41)Xn41) 


< 20m Xn41) + PO Xn) + POn+1 Xn+1) 
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< 41" p (xo, x1) 
This show that im dy (Xn Xn41) = 0. Now we have 


(3.5) dp (Xn Xn+m) = dp (Xn Maga) + dp (Xn41Xn+m) 

= dy Xn Xn+1) + dp(Xn+1: Xn+2) + dp(Xn+2 Xn+m) 

< dp(Xn: Xn+1) + dp(Xn+1: Xn+2) tee 

+d, (Xn+m-2» Xn+m-1) + dp (Xn4m-1 Xn+m) 

< 4A”p(xo, x1) + 44”ttp(xo, x1) 4° 

+447- p(xo, x1) + 44+- Ty (xo, x1) 

< 4A{1 HAHA Hon nnn Jo(%, X1) 

= HE p(Xo, x1). 
Note that A < 1. This show that {x,,}?°_, is a Cauchy sequence in metric space (X, dp), then 
from Lemma 2.6, {Xn }n-1 is a Cauchy sequence in partial metric space (X, p). 
Theorem 3.2 Let (X,p) be a complete partial metric space. Assume that T:X > X is 
surjection and satisfies 
(3.6) p(Tx, Ty) 2 p(x, y) 
v x,y E X, where A > 1. Then T has a unique fixed point in X. 
Proof; Let x) € X, since T is surjection, then there exists x, € X such that xg = Tx,. By 
continuing this process, we get 
(3.7) Xn = TXni1 Vn E NU {0}. 
In case Xn, = Xn,+1 for some no E N U {0},then it is clear that x,, is a fixed point ofT. 
Without loss of generality, we assume that x, # X,_, for all n. Consider, 
(3.8) P(Xn-1%n) = PTX, TXn41) 
Now by (3.7) and definition of the sequence 
P(Xn-1/%n) = PTX, TXn41) 
> Ap(Xn Xn+1) 
and so 
(3.9) Pn Xne1) S Pi n) = hp (Xn Xn) 
where h = = < =. Then by Lemma.3.1, {xn}n=-1 is a Cauchy sequence in X. Since (X,p) is a 
complete, then from Lemma 2.7, (X,d,) is complete and so the sequence {Xn}n=1 is 
converges in the metric space (X, dp), that is there exists x* € X such that 
im dy (Xn x") = 0. 

Again from Lemma 2.7, we have 
(3.10) p(x", x") = lim pn x") = lim p&n Xm) 
Moreover, since {Xn }n=1 is a Cauchy sequence in the metric space (X, dp), 


lim dy (Xn, Xm) = 0, 


n-0o 
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On the other hand, since 
max{ p (Xn Xn), P(Xn+1 Xn+1)} S Pn Xn+1) 
then by the simple induction with (3.9), we have 
(3.11) max{ p (Xn Xn), PXn+1 Xn+1)} < h” pxo, x1) 
Hence, we have lim P (Xn Xn) = 0. Thus from the definition of dp, we have 
lim P(Xn, Xm) = 0. 
Therefore, from (3.10), we have 
p(x*,x*) = lim D(%p,xX*) = lim P(Xn: Xm) = 0. 
Since T is surjection on X, there exists z € X such that x* = Tz. From (3.6), we have 
(3.12) P(Xn, x*) = P(TxXn41,TZ) 
> Ap(Xn+1Z) 

Taking limit as n > +00 in the above inequality, we get 

0 = p(x*,x*) = Ap(x*,z) 
This implies that p(x*, z) = 0. Also from (3.6), we have 

0 = p(x", x*) = p(Tz,Tz) = Ap(z,z) 
and so p(z,z) = 0. Thus p(x*, x*) = p(x", z) = p(z, z) implies that x* = z = Tz. Hence x” is 
a fixed point of T. Finally, assume x* + y* is also another fixed point of T. From (3.6), we 
get 
(3.13) p(x*,y") = p(Tx*, Ty") 
> Ap(x*,y*) 

This is true only when p(x*,y*) = 0. Also p( x*,x*) = 0 = p( y*,y*). So x* = y*. Hence T 
has a unique fixed pointin X. 
Corollary 3.3 Let (X, p) be a complete partial metric space and T:X > X be a surjection. 
Suppose that there exist a positive integer n and a constant A > 1 such that 
(3.14) p(T”x,T”y) = p(x, y) 
v x,y E X. Then T has a unique fixed point in X. 
Proof From Theorem 3.2, T” has a unique fixed point x*. But T” (Tx*) = T(T”x*) = Tx*. So 
Tx* is also a fixed point of T”. Hence Tx* = x*, x* is a fixed point of T. Since the fixed point 
of T is also fixed point of T”, the fixed point of T is unique. 
3.3 COMMON FIXED POINT THEOREMS 
Now, we give a common fixed point theorem of two weakly compatible mappings in partial 
metric spaces. 
In [14] Jungck introduced the concept of commuting maps. In [15] Jungck introduced the 
concept of compatible mappings which generalize the concept of commuting maps. Jungck 
in [16] further generalized the concept of weakly compatible maps as follows. 
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Definition 4.1 Let S and T be two self-mappings on a nonempty set X. Then S and T are said 
to be weakly compatible if they commute at all of their coincidence points; that is, Sx = 
Tx for some x E€ X and then STx = TSx. 
Theorem 4.2 Let (X, p) be a complete partial metric space. Let S and T be two self-mappings 
of X and T(X) S S(X). Suppose that a,b,c > 0 witha + b + c > 1 such that 
(4.1) p(Sx,Sy) = ap(Tx, Ty) + bp(Sx, Tx) + cp(Sy, Ty) 
Vx,y EX. If one of the subspaces T(X) or S(X) is complete, then S and T have a point of 
coincidence in X. Moreover, ifa >1, then point of coincidence is unique. If S and T be 
weakly compatible and a > 1, then S and T have a unique common fixed point in X. 
Proof: Let x) E X. Since T(X) S S(X), choose x, E X such that y4 = Sx; = Txo. In general, 
choose xn+1 E X such that Yn+1 = SXn+1 = Txn. Now by (4.1), we have 
POn Yn+1) = P(SXn, SXn+1) 
2 ap(TXn, TXn+1) + bp(SXn, EX) + CP(SXn41 TXn41) 
= ap (Yn+1 Yn+2) + DPOn Yn+1) + CPOn+1; Yn+2) 
and so 
(1 — b)pOn Yn+1) 2 (a + c)POn+1 Yn+2) 
Ifa +c = 0, then b > 1. The above inequality implies that a negative number is greater 
than or equal to zero. That is impossible. So, a + c # 0 and 1 — b > 0. Therefore, 
(4.2) POn+r Yn+2) < hpOn Yn+1) 
where h = = < =. Then by Lemma 3.1, {x,}7_, is a Cauchy sequence. Since T(X) S S(X) 
and T(X) or S(X)is a complete subspace of X. Then from Lemma 2.7, (S(X), dp) is 
complete and so the sequence {y,} = {Txn-1} © S(X) is converges in the metric space 
(SCX), dp) , that is, there exists z* € X such that 
im, dp On 2*) = 0. 
Consequently, we can find u € X such that Su = z*. Again from Lemma 2.7, we have 
(4-3) p(Su,2") = p(2",2") = lim p(n, 2") = lim POn, Ym) 
Moreover, since {Yn }n=1 is a Cauchy sequence in the metric space (S(X), dp), 
lim dy (Yn Ym) = 0, 
On the other hand, since 


maxt pn Yn) POn+1 Yn+1)} S POw Yn+1) 
then by the simple induction with (4.2), we have 


(4.4) max{ Pn Yn) POnty Yn+1)3 Sh” po Y1) 
Hence, we have lim p(Yn, Yn) = 0. Thus from the definition of dp, we have 
n->0o 
lim POn Ym) = 0. 
Therefore, from (4.3), we have 
p(Su,2") = p(z",2") = lim pOn,z*) = lim PO Ym) = 0. 
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Now to show that Tu = z*. From (4.1), we have 
(4.5) p(Su,Sx,) = ap(Tu, Tx,) + bp(Su, Tu) + cp(Sxy,TXn) 
Taking limit as n > +00 in the above inequality, we get 
0 = p(Su,z*) = ap(Tu, z*) + bp(z*, Tu) 
= (a+ b)p(Tu, z*) 
This implies that p(Tu, z*) = 0 and so Tu = z*. Therefore, Su = Tu = z*. Therefore, z* is a 
point of coincidence of S and T. 
Now we suppose that a > 1. Let w* be another point of coincidence of S and T. So Sv = 
Tv = w* for some v € X. Then from (4.1), we have 
p(z*,w*) = p( Su, Sv) 
> ap(Tu, Tv) + bp(Su, Tu) + cp(Sv, Tv) 
= ap(z*,w*) 

This is true only when p( z*, w*) = 0. Also p( z*,z*) = 0 = p(w*,w*). So z* = w*. 
Since S and T be weakly compatible, STu = TSu, that is, Sz* = Tz*. Now we show that z* is 
a common fixed point of S and T. If a > 1, then from condition (4.1), we have 

p(Sz*,Sxn) = ap(Tz*,Txn) + bp(Sz*,Tz*) + cp(Sxn, TXn) 
Proceeding to the limit as n > +00, we have p(Sz*, z*) 2 ap(Tz*,z*) = ap(Sz*,z*), which 
implies that p(Sz*,z*) = 0. Also p(Sz*, Sz*) = 0 = p(z*,z*). Hence Sz* = z* and so Sz* = 
Tz* = z*. Hence S and T havea unique fixed point in X. This completes the proof. 
Remark 4.3 If we take ,S = T,T = I in Theorem 4.2, then we get Theorem 2.1 of Huang et al. 
[26]. 
Now, we prove the following common fixed point theorem, which is generalization of 
Theorem 2.2 of Shatanawi et al. [14] in the setting of partial b-metric space. 
Theorem 4.4 Let T, S:X > X be two surjective mappings of a complete partial metric space 
(X, p). Suppose that T and S satisfying inequalities 
(4.6) p(T (Sx), Sx) + kp(T(Sx), x) = ap(Sx, x) 
(4.7) p(S(Tx),Tx) + kp(S(Tx),x) = bp(Tx, x) 
for x E X and some nonnegative real numbers a,b and k witha > 1 + 2k andb > 1 + 2k.. 
If T or S is continuous, then T and S have a common fixed point in X. 
Proof Let x) be an arbitrary point in X. Since T is surjective, there exists x, E€ X such that 
Xo = Tx. Also, since S is surjective, there exists x E X such that x, = Sx,. Continuing this 
process, we construct a sequence {xp} in X such that 
(4.8) Xen = TXan41 and Xon41 = SX2n42 
for all n € N U {0}, Now for n € N U {0}, by (4.6) we have 

D(T (Sx2n+2),SX2n+2) + kp(T(Sx2n42))Xant2) 2 Ap (SX2n+2) X2n+2) 

Thus, we have 


P(Xon X2n+1) + kp (Xeon X2n+2) = AP(Xan41) X2n42) 
which implies that 
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P(X2n X2n+1) + klp ons X2n4+1) + P(X2n+1 X2n+2) — P(X2n+1 X2n+1)] 
> ap(Xon+1X2n+2) 
That is, 
P(X2n X2n+1) + klp ons X2on41) + P(Xan41 X2n42)] 2 Ap (X2n41 X2n+2) 
Hence 
1+k 
(4.9) P(Xent+1 X2n+2) S Ik P(X2n X2n+1) 
On other hand, we have (from (4.7)) 
P(S(TX2n+1))TX2n41) + kp(S(TX2n+1), X2n+1) 2 bp(TX2n+1 X2n+1) 
Thus we have 
P(X2n-1 X2n) + kp(Xzn-1 X2n+1) 2 bP(Xan X2n+1) 
which implies that 
P(X2n-1) Xan) + k[p(Xzn-1 X2n) + P(Xan X2n41) — P (X21 X2n)] 
> bp(Xzn X2n+1) 


That is, 

P(X2n-1 Xan) + k[pan-1,X2n) + P(Lan X2n41)] = Dp (on, X2n41) 
Hence 

1+k 

(4.10) P(X2n-1)X2n) S DLR P(X2n-1) X2n) 
Leth = max {=} 1 
Then by combining (4.9) and (4.10), we have 
(4.11) D Xn Xn+1) Sh p(%p-1,Xn) 


where h € [0,1), Vn E NU {0}. Then by Lemma 3.1, {xn}n-1 is p-Cauchy sequence in the 
complete partial metric space. Then there exists x* € X such thatx, > x* asn > +00. 
Therefore X2n41 > X* and X2n42 > Vas n > +œ. Without loss of generality, we may 
assume that T is continuous, then Tx2,4, > Tx*as n > +o. But Tx9n41 = X2n > X* asn > 
+oo.Thus, we have Tx* = x*. since S is surjective, there exists z € X such that Sz = x*. Now 
p(T(Sz), Sz) + kp(T(Sz),z) 2 ap(Sz,z) 
implies that 
kp(x*,z) 2 ap(x*,z) 
Then p(x*,z) < ~p( x*,z). Sincea > k, we conclude that p(x*,z) = 0.so x* = z. Hence 


Tx* = Sx* = x*. Therefore x* is a common fixed point of T and S. 

By taking b = a in theorem 4.4, we have the following result. 

Corollary 4.5 Let T,S: X > X be two surjective mappings of a complete partial metric space 
(X, p). Suppose that T and S satisfying inequalities 

(4.12) p(T (Sx), Sx) + kp(T (Sx), x) = ap(Sx, x) 

(4.13) p(S(Tx),Tx) + kp(S(Tx),x) = ap(Tx, x) 
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for x E€ X and some nonnegative real numbers a and k witha >1+2k. IfTorS is 
continuous, then T and S have a common fixed point in X. 
By taking S = T in Corollary 4.5, we have the following Corollary. 
Corollary 4.6 Let T:X > X be a surjective mappings of a complete partial metric space 
(X, p). Suppose that T satisfying inequality 
(4.14) p(T (Tx), Tx) + kp(T(Tx), x) = ap(Tx, x) 
for x E X and some nonnegative real numbers a and k witha > 1 + 2k. If T is continuous, 
then T has a fixed point in X. 
Now, we present an example to illustrate the usability of Corollary 4.6. 
Example 4.7 Let X = [0, œ) and define p: X x X > Rt by 
d(x,y) = p(x, y) = max{x, y}, Vx,y E X. 
Then (X,p) is a complete partial metric space. Define T: X > X by T(x) = 2x. Then T has a 
fixed point. 
Proof Note that 
p(T(Tx),Tx) + p(T(Tx),x) 

= p(4x, 2x) + p(4x, x) 

= max{4x, 2x} + max{4x, x} 

= 4x + 4x 

= 8x 

> “max{2x, x} 

= “p(T x, x) 
for all x € X. Here k = 1 and a = Z, Clearly 7 =a>1+2k = 1+2 = 3. AlsoT is surjection 


on X. Thus T satisfies all the hypotheses of Corollary 4.5 and hence T has a fixed point. Here 
0 € X is the fixed point of T. 
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